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Abstract— The function of Green associated to a linear partial differential operator P(D) in a domain Q acting at point X,
of the domain, is a distribution G(x,xg) such that P(D)G(X,X¢) = d(X—Xg), where dis the Dirac’s delta distribution. The
property P(D)G(X,Xo) = d(X—Xg) of a Green’s function can be exploited to solve differential equations of the form P(D)u = f,
because

/ﬂ P(D)G(x,x0) f(x0)dxo = f(x) = P(D)u,
Hence
P(D)u=P(D)( [ ,G(x,x0)f (x0)dXy)

which implies that u = G(X,Xo)f(Xo)dXo. Not every operator P(D) admits a Green’s function. And the Green’s function, if it
exists, is not unique, but adding boundary conditions it will be unique. In regular Sturm-Liouville problems, there is an
standard way to obtain the corresponding Green’s function, and after that, as the domain is bounded, to incorporate the
initial and boundary conditions using also the Green’s function. But the method doesn’t work if the domain is not bounded,
because the justification is based in the use of the Green’s Theorem. In this paper we find the Green’s function for the
Pennes’s bioheat equation, see [1], in a unbounded domain consisting in the space R®with an infinite cylindrical hole. This
type of problems appears in radiofrequency (RF) ablation with needle-like electrodes, which is widely used for medical
techniques such as tumor ablation or cardiac ablation to cure arrhythmias. We recall that theoretical modeling is a rapid
and inexpensive way of studying different aspects of the RF process.

l. INTRODUCTION
In the theory of heat conduction in perfused biological tissues, the so called Pennes’s bioheat equation, that is

(;: =V (/Cm +.5— NpC bCUb(.T_ Tf))

nec

1)

plays a central role. In (1) T(x,t) denotes the temperature at every point x of a biological tissue lying in a domain
Q cR?in the instant t, the (assumed constant) terms #,c and k are the density, specific heat and thermal
conductivity of the tissue respectively, #,,cn, @, and T, are the density, specific heat, perfusion coefficient of the
blood and blood temperature respectively (all assumed constant too) and S = S(x,t) represents the heat sources.

We consider the following infinite spatial domain:
Q= {(xy.2)/ x? +y2=r¢ 1,0}

with source S = S(WJ £) bounded in €, and initial and boundary conditions only dependent on /42 4 y2 and the
temporal variable t. This is the geometry used for problems related to radio frecuency ablation of tumors with needle-like

S(r) = !

2.2
oo .
arZ, where jo is the

electrodes. In this case Haemmerich in [2] proposed a heat source independent of the time
current density at the conductor surface and o the electrical conductivity.

Switching to cylindrical coordinates the Pennes’s bioheat equation (1) becomes:

or , 0*T 10T v
nekiGz+ -52)+ mcpwp(l — Th)=S5(r; 0 )
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The initial and boundary condition at the infinity we will consider in this paper are the following:
T(r,0) =g(r), vr>ro
lim, ~. T(r,t) =h(t), ®t>0

T(rot) = (t), vt >0

Where f(t) can be interpreted as a refrigeration temperature in the boundary of the hole. For example, RF ablation with
internally needle-like electrodes is widely used for medical techniques (see the references given in [1] for example). The
device consists of an internally liquid cooled metallic cylindrical electrode that cools the electrode surface. In this case g(r) =

h(&) = Tyand f(t) = T¢, where Tcis the temperature fixed by the refrigeration of the electrode, see [3] and [4].

P= 10 €= Gy 1= s
V (p,8) =6 k(T( P 7o, &N ¢ 75 fK) — Tb), 51(0,9) = S(pTa. & e 75 K,
g1(p) = ok (g(p r0)-Tb), fi(&) := o k(f(én ¢ rg’ /k) —Th),
hy (&) =0 k (h(én ¢ 7y /k)-Th).

Then (2) becomes
ap (= p) )+ +pBV=pSi(p.<)

V(p,0) = gi(p), Vp>1
lim gV (p,&) = hy(&), VE>0
V(L9 =1,(Q), v&>0.

1. THE GREEN’S FUNCTION

Our propose is to obtain a function G(p,po,¢ &) such that

( (—p )_) ‘|‘ + pBG= d(p—po) 6(c—<)

G(Lpo& &) =0, W, &>0, bpe>1
EimpﬁocG(p:pO:é::fO) :01 Vé:y 60>01 Vp0>1

limg e G(p,po.&.5)=0, V>0, Vo, po>1

and after that to prove that G(p,po,& &) is the Green’s function of (11).
The Laplace transform of G(p,po,& &), denoted L[G](p,p0,¢ o), With respect to ¢ verifies

9 el o .
5 (0 Z5L) + ols-+ MSIC] =0 = ) ¢

LIG](L,p0,5,&) = 0
1im, L [G](p,po.s.&0) = 0

lim s S[G]([) 0,5, f{)) =0
s—0

3)

(4)

(%)
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To solve this equation we proceed as in the regular Sturm Liouville problems, see for example [5], [8] and [6],

and we begin finding the function W(p,pq,s,&) for the boundary value problem
( (—p )—) + 25+ ppW=0

W(],po,S,fo) =0
limp_,oo W(p,p(), S, 50) =0

The equation (6) is a modified Bessel equation of order 0.

Then if p<p,
W(p,po.5.5) =Ca(S)lo(p 5 + B) + CoS)Ko(p  +/s + B)
(p,po.s, &) =Cr(o(pyfs + B) + Ca()Ka(py/s + B)
And if po<p

W(p,po,s,éo) =Ci(s)o(py/s + [) + Cu(s)Ko(pys + )

By (8) we have Cs(s) =0, by (7)

Ci(sMo(y/s + B) + Ca(s)Ko(y/s + ) =0

And by the remaining conditions

Ci)o(pofs + B) + Cos)Ko(pofs + B) — Ca(s)Ko(pos + B)=0

,—880
< ! i < €
CA,(S)["O(,O[)\/ S+ B) - C] (S)Io(po\/ s+ ;13) Cz( )1[\ ([) S+ .3) - _m

Solving that system and having in mind that
Ly(2)Ki(x) = Ig(2) Ko(x) = —3
It is obtained
Ci(s) = e Ko(por/s + B)

Cols) — _63’3‘5”]{0({)0\/5 + B)Ih(+/s + )
o Ko(pov/s + B)
e~ 580

Cy(s) = —m (JT(](‘\/ s+ B)Ko(po/s + B) + Ko(v/s + 8)Io(por/s + .?))

U'(p Lo, S, E[]) = (’,_NEU X
{ I“(,() .n'_""H + I;':j)l\’“(,(}(} II.__‘-; + 3) _ J\'E]{p\/.‘-‘Jr ﬂ Jr\[]((lr:;}?x: .)’][[]{\J’-‘i 1) pro 2)0>1
(
(

S

K

- - ; K 5 I s+3)1 s+ 3
Lo(pov/s + B)Ko(py/s + B) — Flex=t By s Pt F)

If1 <po<p

(6)
(7)

(8)

(9)

(10)
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Our score is to prove that although the problem is not an Sturm Liouville one, the corresponding Green’s function
is L' [W](p,p0.& &). That is, we have to show that the function

Vi(p,§) = /1” (/UE LW (p, po, €, €0) (poS) (ﬂoaﬁo))dfo) dpo

is the solution of the problem:
vy avH
ap ((=p) Y —) + +pBVH pS1(p.¢) 1

VH(pJ 0) — O, Vp -1
lim Vg(p, &) =0, V>0
p—r00

Vu(1,8) =0, v&>0.
Recall that if pg> p>1,

L [W(p.poédo) = L L(py/s + B)
Ko(poy/s + B)—Kolpy/s + B)Ko(por/s + Plo(y/s + B) Ko(pyJs + B)] (p.po.&-Ea)

And if p> po>1,

L) (p.poélo)y= L [Io(pey/s + B) Ko(py/s + B)
—Ko(pyJs + B)Ko(poy/s + B)o(y/s + B) Ko(py/s + B)] (p.po.&-Eo).

We denote:
Wilp, po. s) = Io(por/s + B)Ko(p\/s + B) — Rolpo s )ZIEP\;] - +) R
Walp, po, s) = Io(pv/s + B)Kolpo/s + 3) — Bolovs +1 )KOEPO , ig)ﬁ)%( s+0)

Then,

f OO ( f £ W](p, po, € 0) (poSi (po, ?fo))defo) dpo =
/”O (/UES W2l (p, po, €, €0)S1 (o, Eo)dgg) podpy =

/ (/ l[” (p~st§=£0)Sl(p0-‘$0)d£0> podpo+
P

/n (/ “HWal(p, po, €. €0)S1(po, En)(.'fﬂ) podpo =
1 0

o0 13
/ (f L7 o(pov/s + B)Kolpv/s + B)](p. po. € — &) S1(po, Eu)dfu) podpo+
Jp 0

p s ope
[ ( / S (o5 B)Kolpon/s + B)] (0 o €16 — €0)S) (oo, so)rffu) podpo—
J1 J0O

/m (/E ol [KU(P\/&' + B)Kolpov/'s + B)Io(vs + 3)
1 Jo Ko(v/s+0)

1(p. po, € — &) Si(po, fu)dfu) podpo
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Having in mind that the expression of Vy(p,¢) is difficult to handle, we opted for solve the problem (11). Using the

Laplace transform, the problem leads to,

(=) 25D + Z2 (s + BILIVI=LIpS: (0.9

HW%quU@MpJ)=O

L[Vi](1,9) = 0.

(12)

The homogeneous equation associated to (14) is a modified Bessel equation of order 0 with general solution:

LIVal(p,s) = Ci)Ho(p/ (s + B)) + Ca)Ko(py/ (s + ).

And using the variation of constant method and including the boundary conditions we obtain:

Ci(s) = /OO Ko(x/s + B)L][51](x, s) x dx
Cy(s) = /1.0 In(xzy/s+ B)L][5](x, s) x de—
Iy(v/s+B) [~ 8\ 2 di
m[ KU(Q')\IS + ,B)E[S]K.L‘) > dr.
Then the solution is

L[Val(p.s)y=1Io(py/ (s + B)) fpm Ko(xy/ (s + B)) L[S1](x,s) x dx +
Ko(py/s + B) / Io(z+/s + B)L[Si|(z, s) x dx—

!
Kol T BT [~
Ko(v/s + B) /1. Ko(zv/s + B)L[S)](x, 5) x da.

Hence, using the convolution theorem,

Vu(p,s) = / \S*l[[u(/)\/s + B)Ko(xz+/s + B)|(p, x, &) * Si(x, &) x dx+

Jp

/oo 0_1[[u(m)fn(-l'\/w—j)]"“("'V al d)]( 0,5, E) % Sy(3,8) BdE=
b ™ Ko(v/5+ B) S

/ </\ i [”'](ﬂ- o, €, &0)(Po Sl(ﬂo-fu))df()) dpo = Vi(p,§).
1 JO

This proves that G(p,po,& &) = L W] (p,p0.E &)
The calculus of the involved inverse Laplace transform was done in [3]. For example, if a,b > 1:

L [I(ay/s + B)Kolpy/s + B)l(ab,d) =

1 / e " Jo(ar/x — B)Jo(b/x — B)dux.
3

2/
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Then

L7 [Ko(pyfJs + B) Ko(yJs + B)]=

1/':’0[’ ju(!f‘\/f—j) \/*—7’ ) — h(Vz Yo(pver — | )r'r
; fn(\/ )+Y1(\/ '7')

Then, from the convolution theorem

L [Ko(ays + B)Ko(bys + P)(/s + B) Ko(y/s + B)I=
L [Ia/s + B)Ko(p/s + B)*L7! [Ko(py/s + B) Ko(py/s + B) 1.

1. INCORPORATING THE CONTOUR CONDITION AT p=1

In regular Sturm-Lioville problems the Green’s function provides a closed form to solve the complete problem,
that is, the problem with not null boundary conditions see [5] and [6], but in unbounded domains the method
doesn’t work because we cannot use the Green’s theorem to transform an integral in the domain in an integral in
the boundary of the domain. Then we have to use a classical method to solve:
Ve BVC
a5 (=p) 7 )T +pBVe=pS1(p.9)
(13)

Vel p,0)=0, V p=1

limp — oolV{p,&) =0, V=0

V(1,9 = /i(9). v&=0.

Using the Laplace transform we have

(()

aL[ VC] aL[V¢]

)+ =55 e+ BLVIELIS (O] ”

lim p—poo [VC](ﬁ 5) 0

L[Vc](L,s) = LIA1](s).
The homogeneous equation associated to (14) is a modified Bessel equation of order 0 with general solution:
LIT71(p,8) = Ci(sMolpyfs + )+ Co()Ko(py's + )
And using the variation of constant method and including the boundary conditions we obtain that
LIV 1(s)=Iolpyfs + B) [, Ko(ayfs + BILIS:1(p.s) x dx +
Kolpy/s + B) J{ IoCefs + BILIS1)(p.s) x dx -
Ko(pyJs + B Ily/s + BY Kolfs + B) [ Ko(efs + BLISi](p.s) x dx +
Ko(pyfs + B)/ Koy/s + B)LIAI).

Hence
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Ko(py/s + B)
1\’{)(\/’ s+ 3)

flm( fos G(p, po, ¢, ¢0) S1(po,$a) dé0) po dpo +

TKolpys + BY/ Ko(ys + B * £ (6)
We recall that the Green’s function doesn’t plays any role in the incorporation to the solution the contour
condition at p= 1. And also we recall that if f;(&) = B, where

ok(Ty—T¢o
B = (.§2C)
JoTo

Ve(p,§) = Vi(p, &) — £7 J(p. &) * f1(&) =

this solution coincides with the dimensionless distribution of temperatures in the tissue during RF ablation with needle like
internally cooled electrode obtained in [3].

V. INCORPORATING THE INITIAL CONDITION

We will solve the following problem

ap ((=p )aVI) + aVI+pI3V1 pS1(p.<) )
Vi(p,0) = g1(p), V p~1
limy 0oV (p,&) =0, V<=0
V(1,8 = fi(&),vE=0.
Using the Laplace transform we have
5 ((=p) 50 + 0+ p(s + BILIVII= p(S1(p.9)-91 () w©

lim, o L[Vi(p.9) 50,

L[Vi(L.s) = LIAI(S).
Hence, as L "[g1(0)] = 91(0)3(),

Vi(p, &) = /1 (/0 G(P-.ﬂu-E-fn)&(ﬁn-fn))fffn) podpo+

. £
/ ( G(p, po, €, 50)!}1(/?(})5(50)(350) podpo+
J1 0

L' Ko(ps + B)/ Koy/s + P * f1 (€)=

/ (/ G(ﬂ- Po: €, En)Sl({)u-fn))dfn) ﬂndﬂn‘f‘
J1 Jo

00
/ G(p. po:€.0)g1(po) po dpo+
J1

L Ko(py[s + B)/ Ko(yfs + B * f ().
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We remark that the Green’s function plays the expected role in the incorporation of the initial condition to the
solution

V. RESOLUTION OF THE COMPLETE PROBLEM

((— )—)+ T pBV=pSi(p, ¢

17)
V(p,0) = gi(p), Vp=1
Iimp—»ooV(p’@ - kl(@’ Vé’ =0
V(1,9 =1(9). VE=0.
Define H(p,&) =V (p,f) —hy(&). Then H(p,f) satisfies the equation:
55 (P + 56+ pBH= p(S1(p.&) +hi(©) + B hs(O)) .

Hip,0) = g(p) = m(0), Vp=1

lim,_o,H(p,d) = 0, V&0

H(1,9) = fi(©) ~hy (£), V0.
Then

c

Vi(p,§) = /I (Kh G(p, po, &, &) (S1(po, &) + 13'1(50) + _J-j’ffl(fcl))ffflu) padpo+

OO0 &
/ (/ G(()- ﬁu-f-fﬂ)(f}l(ﬂn) - ff-l((]))fS(fn)dE(}) f:‘ud-l)n—
J1 Jo

L Kolpy/s + B)/ Ko(/s + BT *(L 7 Kolpy/s + B)/ Ko(y/s + BT * (1(§) —
f(@€) =

/ (/ G(P- Po, E-En)(sl (/)n-fu)dfn) [)(1(1'-[3()+
J1 Jo

/ G(p, po.€,0)g1(po) podpo+

J1

00 £
/1 ( G, pos€,€0) (B (60) + Bl (o) — m(o)a(eo))de[lj Podpo—
L Kolpys + B/ Kols + B AL Klpys + B)/ Kolyfs + B1* (hs(®) — £ (&)
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