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Abstract— The mathematical model of nitrogen oxides production described in the paper is developed on the basis of 

dimensional analysis. The theory of dimensional analysis is used when a mathematical description of a phenomenon is lacking. 

The aim of using this method was to find out what is the relationship between the parameters of an operating hard coal 

combustion plant (boiler output, fuel calorific value, quantity and temperature of combustion air, negative pressure in the 

boiler and flue gas temperature) and the nitrogen oxides produced. The results obtained from the developed model are 

compared with the values measured on a real device. 

Keywords— modelling, dimensional analysis, nitrogen oxides. 

I. INTRODUCTION 

The production of nitrogen oxides during the combustion of fossil fuels in large boilers is influenced by a number of operating 

parameters. The dependence between the amount of nitrogen oxides produced and the individual parameters can also be 

expressed by means of dimensional analysis. The NOx generation model described in the paper was developed based on the 

results of measurements on a specific boiler. The information obtained from a given boiler can then be transferred to any other 

boiler that is physically similar to the analysed model. 

II. DESCRIPTION OF THE MODEL 

Currently, several mathematical models of nitrogen oxide production are known [1-3], which are based on the analysis of fuel 

composition and combustion reaction rates. Knowledge of the fuel composition and reaction rates is not sufficient to describe 

the actual combustion process in detail. Therefore, the derived models are not always relevant. Other research works [4-5] 

investigate e.g. the residence time of powdered fuel in the reduction zone or simulate the combustion process using CFD 

methods. 

Dimensional analysis, based on the principle of dimensional homogeneity of equations, was used to derive the presented 

mathematical model. In the general case, it is always a complete physical equation that expresses the dependence of a total of 

n selected relevant physical quantities V1, V2, ..., Vn of different dimensions [6-9]. The equation has the form: 

( )1 2 0nV ,V , ...,V =            (1) 

Of the relevant quantities affecting NOx emissions, those that characterise the operation of the boiler were included in the 

mathematical model. These quantities were selected based on the experience of the boiler operator. The values of all quantities 

were measured continuously. These are: 

✓ lower calorific value of coal Qc (J·kg-1) 

✓ mass flow rate of steam Qm,s (kg·s-1) 

Received: 08 February 2023/ Revised: 15 February 2023/ Accepted: 20 February 2023/ Published: 28-02-2023 
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✓ volume flow rate of combustion air QV,air (m3·s-1)  

✓ negative pressure in the boiler pv (Pa)  

✓ flue gas temperature at boiler outlet Tfg (K) 

✓ combustion air temperature Tair (K) 

Relation (1) for selected relevant quantities, including nitrogen oxides, takes the form 

c air v x fg ai,s r,  , , , , 0m V ,f OQ( Q Q p N T T ) =           (2) 

Temperature occurs twice in the selected quantities in relation (2). Measurements on the boiler analysed showed that the Tfg/Tair 

ratio was practically unchanged. Its value was 0.852. In the next solution, according to the rules of dimensional analysis, the 

temperature can occur only once. In the following model it is the flue gas temperature at the boiler outlet Tfg. 

The constructed dimensional matrix is made of all dimensions of the selected quantities. The condition for the use of 

dimensional analysis is that the units of the respective physical quantities in the dimensional matrix are transformed into SI 

units. E.g. Qc (J·kg-1 ≈ N·m·kg-1 ≈ kg·m·s-2·m·kg-1 = m2·s-2). 

For the six selected quantities, the matrix will have n = 6 columns and m = 4 rows. Its shape is 

     c ,air v x fgs Vm,Q Q p O TQ N  

m 2 0 3 1 3 0

s 2 1 1 2 0 0

kg 0 1 0 1 1 0

K 0 0 0 0 0 1

− −

− − − −
 (3) 

Finding dimensionless arguments (similarity criteria) that indicate the interdependence of the selected variables is done by the 

following procedure. The matrix (3) is split into two parts. One part represents the square matrix and the other part the 

complementary matrix (4). The unknown quantities x1 to x6 are added to both matrices so that their indices reflect the order of 

the selected quantity in the respective matrix - see equation (6) 

1

2 5

3 4

6

2 0 3 0 3 1

2 1 1 0 0 2
( 1)

0 1 0 0 1 1

0 0 0 1 0 0

x

x x

x x

x

− −

− − − −
 = −    (4) 

From equation (4), the unknown quantities x1 to x6 are found. These unknowns then characterize the dimensionless arguments 

 for which 

1

i

n
x

i

i

V
=

=    (5) 

Then one can write 

3 651 2 4
c ,s v x,air fg

x xxx x x
m VQ Q Q p NO T =       (6) 

The choice of the redundant unknowns x5 and x4 from the right-hand side of equation (4) is made twice according to procedure (7) 

    5 4x x  

1. st sel. 1 0

2. nd sel. 0 1
 (7) 

The solution of equation (4) leads to a system of linear equations of the form 
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1 3 5 4

1 2 3 4

2 5 4

6

2 3 3

2 2

0

x x x x

x x x x

x x x

x

 +  =  +

−  − − = 

= − −

=

 (8)  

The solution of system (8) results in two independent vectors (dimensionless arguments)   

    1 2 3 4 5 6x x x x x x  

1

2

0 1 1 0 1 0

1 1 1 1 0 0

−

− −




 (9) 

The “minus” sign for a given unknown xi, in the solution (9) indicates that the physical quantity in relation (6), amplified to 

the corresponding unknown xi, will be in the denominator of the resulting argument, and the “plus” sign informs that the 

corresponding quantity will be in the numerator. Based on the above, two dimensionless arguments π of the form (10) can be 

established 

,air x

1
,s

V

m

Q NO

Q



=      (1)    and   

,air v

2
c ,s

V

m

Q p

Q Q



=


    (1) (10) 

Dividing criterion  by criterion  yields a new criterion  of the form (11)  

c x
3

v

Q NO

p



=  (1) (11) 

Since the dimensionless argument 3 contains the quantity NOx, the dependence of which on other quantities in the black coal 

combustion process we want to determine, this argument can be expressed as a function of the argument 2 

3 2( )  =  (12) 

The argument 3 can be displayed as a function of the dependent variable of the function 2 in power form (13) 

3 2
BA =   (1) (13) 

Logarithming equation (13) yields a line equation of the form 

3 2log log + log logA B=    (14) 

The constant A and the regression coefficient B can be determined e.g. using an Excel spreadsheet (Fig. 1 and Fig. 2). Their 

values are A = 0.0117, B = -0.7584. 

  
FIGURE 1: Dependence of dimensionless 

arguments in the sense of equation (14) 

FIGURE 2: Dependence of dimensionless arguments 

in the sense of equation (13) 
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With the help of dimensional analysis, the NOx production formation model will have the following form of dependence of the 

relevant dimensional quantities during the burning of black coal according to (13) 

,air vc x

v c s

B

m

V

,

Q pQ

Q

NO
A

p Q


=

 
   

 (15) 

The functional dependence of the formation of nitrogen oxides on other operating parameters will be in the form 

m s
1 1

x ,air v c
B
,

BB B
VNO A QQ p Q+ − −−=      (16) 

After adding the calculated values of the constant A and the regression coefficient B to the expression (16), the relation for the 

production of nitrogen oxide has the form 

0 7584 1 0 7584

v

s c

,air
x 0 0117

. .

m,

VQ p
NO .

Q Q

− −


   

=     
  

        (kg·m-3) (17) 

The general shape of the dependence of NOx on selected relevant quantities is represented by the expression (18) 

v

s c

,air
x

n

m,

m
VQ p

NO C
Q Q


   

=     
  

        (kg·m-3) (18) 

where individual constants represent values: C = 0.0117, m = -0.7584, n = 0.2416. 

Relationship (18) represents a mathematical model of NOx production during the burning of black coal. Based on it, the 

calculated values of produced NOx at specific measured values of the relevant variables are shown in Fig. 3. The deviation in 

NOx expression ranges from +9.92 to -12.23%. The mean deviation is -0.21%. 

 
FIGURE 3: Measured and calculated NOx values 

III. CONCLUSION 

The difference between the measured and calculated values according to relation (18) can be justified by the fact that, when 

choosing the relevant quantities, all the influences on which NOx depends on the combustion of fossil fuels were certainly not 

taken into account. For a more relevant description of the combustion process it would be necessary to include flame 

temperature among the selected variables. Because its measurement in online operation of the boiler is a problem, it was not 

included in the basic model of the boiler. Another variable that could be considered is the mass flow of the coal burned. In 

addition, the presented results are from a relatively small sample of measurements (only 24). With a large enough sample of 

data (on the order of 102), the results would be more accurate [10]. 
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When using a method for determining NOx production based on dimensional analysis, it is irrelevant to know the details of the 

combustion device itself, regarding its construction, combustion air distribution system, location of burners, etc. It is also 

irrelevant to investigate what happens if it changes during combustion, e.g. fuel moisture. All these influences are reflected in 

the model in the measured values of the quantities that make up the model itself. 
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