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Abstract— In this paper, we introduced the concept of I'-Hv-modules, which is a generalization of I' -modules and Hv-
modules. The notion of (e,e vq)—fuzzy Hv-submodules of a I'-Hv-module is provided and some related properties are
investigated.
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I.  INTRODUCTION

The algebraic hyperstructure is a natural generalization of the usual algebraic structures which was first initiated by Marty
[1]. After the pioneering work of F. Marty, algebraic hyperstructures have been developed by many researchers. A short
review of which appears in [2]. A recent book on hyperstructures [3] points out their applications in geometry, hypergraphs,
binary relations, lattices, fuzzy sets and rough sets, automata, cryptography, codes, median algebras, relation algebras,
artificial intelligence and probabilities. Vougiouklis [4] introduced a new class of hyperstructures so-called Hv-structure, and
Davvaz [5] surveyed the theory of Hv-structures. The Hv-structures are hyperstructures where equality is replaced by non-
empty intersection.

The concept of fuzzy sets was first introduced by Zadeh [6] and then fuzzy sets have been used in the reconsideration of
classical mathematics. In particular, the notion of fuzzy subgroup was defined by Rosenfeld [7] and its structure was thereby

investigated. Liu [8] introduced the notions of fuzzy subrings and ideals. Using the notion of “belongingness (e) and
“quasi-coincidence (q) of fuzzy points with fuzzy sets, the concept of (a, Y’ ) -fuzzy subgroup where «, f are any two
of {e,q,evq,EAq} with o #e AQ was introduced in [9]. The most viable generalization of Rosenfeld’s fuzzy
subgroup is the notion of (e, S \/q) -fuzzy subgroups, the detailed study of which may be found in [10]. The concept of an

(e, S vq) -fuzzy subring and ideal of a ring have been introduced in [11] and the concept of (e, e \/q) -fuzzy subnear-ring

and ideal of a near-ring have been introduced in [12]. Fuzzy sets and hyperstructures introduced by Zadeh and Marty,
respectively, are now studied both from the theoretical point of view and for their many applications. The relations between
fuzzy sets and hyperstructures have been already considered by many authors. In [13-15], Davvaz applied the concept of
fuzzy sets to the theory of algebraic hyperstructures and defined fuzzy Hv-subgroups, fuzzy Hv-ideals and fuzzy Hv-
submodules, which are generalizations of the concepts of Rosenfeld’s fuzzy subgroups, fuzzy ideals and fuzzy submodules.
The concept of a fuzzy Hv-ideal and Hv-subring has been studied further in [16, 17].The concept of (€, € vq)-fuzzy
subhyperquasigroups of hyperquasigroups was introduced by Davvaz and Corsini [18]; also see [19-24]. As is well known,
the concept of T" —rings was first introduced by Nobusawa in 1964, which is a generalization of the concept of rings. Davvaz

et.al. [25] introduced the notion of (e,e vq) -fuzzy Hv-ideals of a I'-Hv-ring. This paper continues this line of research

for(e, € vq) -fuzzy Hv-submodules of a I'-Hv-module.

The paper is organized as follows: In Section 2, we recall some basic definitions of Hv-modules. In Sections 3 and 4, we
introduce the concept of I'-Hv-modules and present some operations of fuzzy sets in I'-Hv-modules. In Section 5, by using a
new idea, we introduce and investigate the (€, € vq)-fuzzy Hv-submodules of a I'-Hv-module.

the introduction of the paper should explain the nature of the problem, previous work, purpose, and the contribution of the

paper. The contents of each section may be provided to understand easily about the paper.

I1.  BASIC DEFINITIONS
We first give some basic definitions for proving the further results.
Definition 2.1[27] Let X be a non-empty set. A mapping z: X —[0,1] is called a fuzzy set in X. The complement of
1, denoted by 4, isthe fuzzy setin X givenby #° (X) :1—,u(x) VX e X.
Definition 2.2[28] Let G be a non-empty set and *:GxG — " (G) be a hyperoperation, where " (G) is the set of

all the non-empty subsets of G. Where A*B= |J ax*b, VA BcG.
acA, beB

The * is called weak commutative if X* Y Ny * X # @, VX, Y € G.
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The * is called weak associative if (X * y) *zN\ X*(y*2) # @, VX, Y,z €C.

(G, +) . _
A hyperstructure is called an Hv-group if
(i) * is weak associative.

(ii)a*G:G*a:G, VaeG

Definition 2.3[28] An Hv-ring is a system

(Reproduction axiom).
(R+,) with two hyperoperations satisfying the ring-like axioms:
(I) (R.+) is an Hv-group, that is,

((x+yY)+2)N(xX+(y+2)#¢ VX, yeR,

a+R=R+a=R VaeR;

(”) (R,) is an Hv-semigroup;

i) (.
( ) () is weak distributive with respect to (+) , that is, for all Xy, zeR

(X-(y+2))n(x-y+x-2) # 9,
((x+y)-)n(x-z+y-2) # .

Definition 2.4[26] Let R be an Hv-ring. A nonempty subset I of R is called a left (resp., right) Hv-ideal if the following
axioms hold:

(i) (14) isan Hv-subgroup of (R,+) ,

iy R gresp, IR,

Definition 2.5[26] Let (Ri+,) be an Hv—ring and H oy fuzzy subset of R . Then # is said to be a left (resp., right) fuzzy
H, -ideal of R ifthe following axioms hold: (@) min{z(x), u(y)}<inf{u(z): 2 e x+ y}vx,y €R,
(2) Forall x,aeR there exists J € R such that Xxea+y and min{z(a), #(x)} < u(y),

(3) For all x,aeR _ there exists zeR such that Xez+a and
min{u(a), u(X)} < pu(2), (Hu(y) <inf{u(z):zex-y} respectively u(x) <inf{u(z):zex-y} Vx,yeR

= >
Let u be a fuzzy subset of a non-empty set X and lett € (0, 1]. The set Hy xeX|ux)= t}is called a level cut of .
Theorem 2.2[15] Let R be an Hv-ring and p a fuzzy subset of R. Then p is a fuzzy left (resp., right) Hv-ideal of R if and only

if forevery t € (0, 1], Hy (*9) is a left (resp., right) Hv-ideal of R.

When p is a fuzzy Hv-ideal of R, M4 is called a level Hv-ideal of R. The concept of level Hv-ideal has been used extensively
to characterize various properties of fuzzy Hv-ideals.

1. I'-Hv-MODULES

The concept of T -rings was introduced by Nobusawa in 1964.

Definition 3.1[29] Let (R, +) and (" ,+) be two additive abelian groups. Then R is called a T -ring if the following conditions
are satisfied for all x, y, z € Rand forall o, € T,

(1) xay € R,

(2) (x + y)az = xoz + yoz, X(o + B)y = Xay + XBy, Xo(y + z) = Xay + Xaz,

(3) xa(yBz) = (xay)pz.

Definition 3.2[25] Let (R, @) and (I" , @) be two Hv-groups. Then R is called a I" —Hv-ring if the following conditions are
satisfied for all x,y,z€ Rand forall o, B € T,

(1) xay R,
(2)(x®y)azn(xaz@yaz) = ¢, x(a ® By N(xay ®XBY) # ¢, xa(y ®z) N(xay ® xaz) # ¢,
(3) xa(ypz) N (xay)pz # ¢.

follows, unless otherwise stated, (R, @ I') always denotes a I' —Hv-ring.

Definition 3.3[25] A subset | in R is said to be a left (resp., right) Hv-ideal of R if it satisfies
(1) (1, @) is an Hv-subgroup of (R, &),

(2) xay S I (resp., yox S I) forallx € R,ye€ landa € T'.

In  what
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| is said to be an Hv-ideal of R if it is both a left and a right Hv-ideal of R.
Now, we introduce the concept of I' -Hv-modules as follows.

Definition 3.4 Let (R,@,F) bea I'- HV-ring and (M ’®) be a canonical HV-group. M s called a I'- HV-module
over R if there exists FiRxI'xM =M
abeR,m,m,eM,a,fel,

(the image of (r.a,m) being denoted by @MY such that for all

we have
()aa(m ®&m,)naam @aam, # ¢

(2)(a®@b)am, naam, ®bam, # ¢;

(3)a(a® B)m naam @apsm,  ¢;

(4)(aab) pm, naa (bpm,) # ¢.

Throughout this paper, Rand M area I'- H, -ring and I H, -module, respectively, unless otherwise specified.
Definition 3.5 A subset A in M issaidtobea I - H, -submodule of M if it satisfies the following conditions:

(1)(A’ ®) isa H, -subgroup of (M ’CJB);

(2)raXeA, for all reRael and X€A

4. Fuzzy sets in T-Hv-modules

F(X).
Let X bea non-empty set. The set of all fuzzy subsets of X' is denoted by ( ) For any Ac X and r € (0, 1], the
fuzzy subset A of X is defined by

rA(x)={r if xeA,

0 otherwise,

forall X€ X. |n particular, when r = 1, Fa is said to be the characteristic function of A, denoted by ZAT when A = {x}, Fa
is said to be a fuzzy point with support x and value r and is denoted by Xe- A fuzzy point X is said to belong to (resp., be
quasicoincident with) a fuzzy set My \written as X EH (resp., X au ) if ,u(X) =T (resp., 'U(X)+ ' >1). If ,u(x) ="
or p(x)+r>1 X, €vu.

F(X), w. . : .
For HE ( ) H s said to have the sup-property if for any non-empty subset A of X , there exists X € A such that
#(X)=vyeart(y)-

, then we write

Next we define a new ordering relation ‘¢ Vv

relation, as follows:

,u,veF(X),,uquv

9. on ( ) which is called the fuzzy inclusion or quasi-coincidence

if and only if X €4 implies % € V94 for all X€ X ang re(0,1].

For any And we
define the relation “‘~’” on F(X) as follows:
wveFR(X),u=v . .
For any #H ( ) H if and only if HE VY and V' & VO
M(r,1,,....r, ), . L o AT A,
( 172 ") where n is a positive integer, will denote LAGA AT,

In what follows, unless otherwise stated,
ILTL TR e[01

]’ €V means € va does not hold and < V9 implies sVvq is not true.

Lemma 4.1[30] Let X be a non-empty set and p, v € F(X). Then u € v qv if and only if v(x) > M (u(x), 0.5) for all x € X.
Lemma 4.2[30] Let X be a non-empty set and p, v, ® € F(X) be such that u € vgv € vV go. Then p S V qo.

Clearly, Lemma 4.1 implies that u ~ v if and only if M(n(x), 0.5) = M(v(x), 0.5) for all x € X and p, v € F(X), and it follows
from Lemmas 4.1 and 4.2 that ‘="’ is an equivalence relation on F(X).

Now, let us define some operations of fuzzy subsets in a I' ~Hv-module M.

Definition 4.3. Let u, v € F(M) and a. € T'. We define fuzzy subsets HOV and H&V by
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(4v)(2) =y, M(u(¥).(Y)  (wav)(2)= v M (u().v(y)

zex®y and zexay respectively, for all z € M and a €
I.

V. eF(M),x, ®y, =M (r,s x.ay, =M(r,s) .
It is worth noting that for any %o s ( ) Vs ( )X®y and Vs ( )X“V

Lemma 4.4. Let Hor HpaV1nVo € F(R) such that H S VAL, and Y & VAV, Then(l)’ul@vlqu’uz@v2

- _ and
oV, S VAL, av, foralloa € T.
(2) g, v, S vau, N,

F(R),a

Lemma 4.4 indicates that the equivalence relation ‘=" is a congruence relation on (F (R)’®) and ( ( ) a) for all a
er.
Lemma4.5. Let u, v, ® € F(R). Then
(Hue(vuo)=pu®vuudae,(puv)®o=ud®ouv®o.
R ue(vno)cu®vnu®o,(unv)®oc u®onvdao.
(S)yg(vua))=,uavu,u5a),(,uuv)5a)=,u5a)uvaa) for " . . .
(d) ua (v o)< pavnpao,(pLnv)ao = pao Nvaw forall a e L. (5) pa(v@®w)c uav® uaw for

alloaeT.
Proof. The proof of (1)—(4) is straightforward. We show (5). Let x € Rand o € T. If XEYOZ for all Yy, Z € R. Then

(,ugz(v ® a)))(x) =0< (ﬂ&(v ® a)))(x) Otherwise, we have

(wa(v ©0))(x)= v M (u(y).(r@a))(2)= v M(a(y). v M(v(p).o(@)

xeyaz Xeyaz 2ep®q

= v M(u(y)wv(p)uy)e(@)s v M((uav)(a)(uao)(b)

xeyaz,zep®q xea®b,aeya p,beyaq

< M ((uav)(y).(ua0)(2)) = (nav © uaw)(x).

ua(v@a))gyav@/,zaa)

Hence " This completes the proof.

IV. (€, €VQ)-Fuzzy Hv-SUBMODULES OF AT —HV-MODULE

In this section, using the new ordering relation on F (M), we define and investigate (€, € vq)-fuzzy left (right) Hv-
submodules of I' -Hv-module.

Definition 5.1. A fuzzy subset p of M is called an (€, € Vv q)-fuzzy left (resp., right) Hv-submodule if it satisfies the
following conditions:

(F1a) LD pcvau,
xea®y .\ Yurs) € VI
) EVAL,

(F2a) Xo8s € H implies that there exists y € M such that

(F3a) X85 € H implies that there exists z € M such that X € Z®2 ang Zu(rs

(F4a) AROH VAU (resp., HAXR qu'u)for allaeT.

A fuzzy subset p of M is called an (€, € v q)-fuzzy Hv-submodule of M if it is both an (€, € v q)-fuzzy leftand an (€, €
v q)-fuzzy right Hv-submodule of M.

Before proceeding, let us first provide some auxiliary lemmas.

Lemma 5.2. Let p € F (M). Then (F1a) holds if and only if one of the following conditions holds:

M (r,s
F1b) *rYs € H implies (1180, < VO

£, 4(2)=M (u(x), 4(y),05)

(Flc) 2%y forall x, y € M.

forallx,yeMandr,se (0, 1].
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Zexdy,

Proof. (Fla)= (F1b) Letx,y e M and r, s € (0, 1] be such that X Ys € H . Then for any we have

(1@ u)(2)= v M (u(a),u(0))=M (u(x)u(y)=M(rs)
Hence M (r’s)xeBy cvqu

(F1b) = (Flc) Let x, y € M. If possible, let z € M be such that

ZM(r’S)e,u(-D,u M(r,s)x@yqu,u.

"1t follows from (F1a) that
ZEXDY and u (@) < r =M (e, uy), 0.5). Then

and so

X Yr € H and p (z) +r<r+r<1, thatis, Z € VAL, a contradiction. Hence (F1c) is valid.

X, € u® p, Xey®z

(Flc)= (Fla) For if possible, let X € VO, Then pu(x) <rand pw(x) < 0.5. If

by (F1c), we have 0.5 > pu(x) > M (u(y), u(z), 0.5), which implies p(x) > M(u(y), w(2)).
r<(u®@u)(x)= v Mu(a),ud)) v u(x)=p(x),

Hence we have ( )( ) xea®b ( ( ) ( )) xea®b ( ) ( ) a contradiction. Hence (Fla) is

satisfied.

Lemma5.3. Let p € F (M). Then (F2a) holds if and only if the following condition holds:

(F2b) for all x, a € M there exists y € M such that xea®y and M (p (a), u(x), 0.5) < (y).
Proof. (F2a) = (F2b): Suppose that x, a € M. We consider the following cases:

(@) M (r(x), p (a)) < 0.5,
(b) M (u(x), p (a)) = 0.5.

Case a: Assume that for all y with

for somey, z € M,

xea®y , We have p (y) <p (X) A p (a). Choose t such that p(y) <t < M (uwX), p (a)).

Then Xo 8 € H but Ye& VAL, which contradicts (F2a).
Xead®y

Case b: Assume that for all y with , we have p(y) < M (u(x), p (a), 0.5). Then Xo51805 € £ but Yos€ VAL,

which contradicts (F2a).

(F2b) = (F2a): Let 8, € . Then u(x) >tand p (a) > r. Now, for some y with xea®y

0.5) > M(t, r, 0.5).
If M (t, r) > 0.5, then p(y) > 0.5 which implies u(y) + M (t, r) > 1.
If M (t, 1) <0.5, then u(y) > M (t, r).

evqu.
Therefore, Y €VAH Hence (F2a) holds.
Lemma 5.4. Let p € F(M). Then (F3a) holds if and only if the following condition holds:

(F3b) for all x, a € M there exists z € M such that X € ZD& and M (u(a), u(x), 0.5) < u(z).
Proof. It is similar to the proof of Lemma 5.3.
Lemma5.5. Let p € F(M) and a € T'. Then (F4a) holds if and only if one of the following conditions holds:

» we have pu (y) = M(u(a), u(x),

(F4b) X e H implies fyoX < vau (resp., hay, < Vau )forallx,y,z€e Mandr e (0, 1].

A p(z) 2 M(u(y),0.5) A p(z) 2 M(u(x),0.5))
(F4c) *=*Y (resp., &Y forallx,ye Mando € T.

Proof. The proof is similar to the proof of Lemma 5.2.

Let pu be a fuzzy subset and r € (0, 1]. Then the set [ule = {xeRIX, evau} is called the € v g-level subset of p.
The next theorem provides the relationship between (€, € v q)-fuzzy left (resp., right) Hv-submodules of I" ~-Hv-module and
crisp left (resp., right) Hv-submodules of I' \Hv-module.

Theorem 5.6. Let # € l:(M)'Then

(1) pisan (c,eva) -fuzzy left (resp., right) Hv-submodule of M if and only if Hy (’uf *9) is a left (resp., right) Hv-
r e (0,0.5].

submodule of M for all
(2) pisan (€,cva) -fuzzy left (resp., right) Hv-ideal of R if and only if L], (Lpd, = ¢) is a left (resp., right) Hv-ideal of

R for all re (0’1]'
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Proof. We only show (2). Let p be an (c,eva) -fuzzy left Hv-submodule of M and X.ye [’u]f for some re (0’1]'Then
u(x) =>roru(x) >1-rand p(y) >rorp(y)>1—r. Since pisan (c,€va) -fuzzy left Hv-submodule of M, we have p(z) >

M(u(x), p(y), 0.5) for all ZeXDy. We consider the following cases:
(a) " € (0,0.5].

() '€ (0.5,1].

. cinee F€(0,0.5]. 3 _ 3 _
Case a: Since We have 1 —r>0.5>rand so w(z) > M(r, r, 0.5) =ror w(z) > M(r, 1 —r,0.5) =r or u(z) > M(1
—r,1-r,05)=05>rforall ZeXDY. Hence ZreHu for all ZeXDY.
Case b: Since re(0.51]. We have 1-r < 0.5 <rand so wz) > M(r, r, 0.5) = 0.5 or w(z) > M(r, 1+, 0.5) = 1-r or u(z) >
M@ -r,1-r1,05)=1-rforall Zex®y. Hence Z e vQu for all Zex®y. Thus in any case, Ze ['u]f for all
ZeXDy. Similarly we can show that there exist yzelul, such that X €8P Y gng Xez2®a o o X2 € L], and

that xay e[u]; forall X € M,y elul and & € F-Therefore, L] is a left Hv-submodule of M.

X,y € M.

Conversely, let He I:(M)amd [,u]r is a left Hv-submodule of M for all re (0.1 Let If there exists Z€ M

such that p(z) < r = M(u(x), u(y), 0.5), then X,y €[ul; but? & [‘u]f, a contradiction. Therefore, p(z) > M(u(X), w(y), 0.5)
ze M Xea@y,XeZ@a,u(y)zM(u(X), u(a),

0.5) and wz) > M((x), w@), 0.5) and that pu(xay) > M(u(y), 0.5) for all x,ye M and @ €T Therefore, p is an
(c,eva) -fuzzy left Hv-submodule of M by Lemmas 5.2-5.5.

for all ZexDy. Similarly we can show that there exist y; such that

The case for (c,eva) -fuzzy right Hv-submodules of M can be similarly proved.
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