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Abstract— In this paper, we propose a nonparametric CUSUM control chart for detecting a range of shifts in the location
parameters based on previous research. This control chart is dynamically adaptive, ranks method-based nonparametric and
self-starting; it can monitor various sizes of shifts in difference distributions simultaneously; and it can be used to monitor
processes at the start-up stages. This control chart is designed with variable sampling interval technology, which makes it
more intelligent and sensitive. Simulation study of reference parameters values and performance comparisons are introduced
in detail, so as to conveniently apply this chart to practical production process monitoring. An illustrative chemical example
is also present to demonstrate the well implementation of this chart.
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l. INTRODUCTION

Statistical process control (SPC) is an important quality control tool that uses statistical methods to monitor and control
processes. One major concern of SPC is to analyze the stability of a production process, and to give a warning signal when
the process has some changes, that is, the process has shifts happened. The control performances of a control chart are
generally evaluated with the average run length (ARL), which denotes the average number of observations from the process
beginning to giving a warning signal. A control chart with a smaller ARL when the process has a shift is better, under the
condition of a same ARL when the process is steady. This technology has currently been adopted in many fields, such as
health care, finance, biotechnology and chemical engineering. More introductions about SPC technology and its applications
can be found in, for example, Lucas and Saccucci (1990) [1], Thomas and William (1991) [2], Woodall (2000) [3],
Montgomery (2009) [4], Zou et al. (2009) [5], Shardt et al. (2012) [6].

CUSUM (Page 1954) [7] is an effective control chart for detecting small and moderate shifts; it is proposed based on the
sequential probability ratio test. The conventional CUSUM control chart is generally designed by assuming known the size
of shifts. However, to predetermine the exact size of shifts is a difficult thing in most practical process settings. In order to
detect both small and large shifts, Lucas (1982) [8] proposed a combined Shewhart-CUSUM chart which is designed by way
of adding the Shewhart control limit to a conventional CUSUM control chart. Where after, the emergence of the adaptive
control chart resolves this problem significantly. The main design idea of adaptive charts is that the parameters value setting
is decided by sample observations, so that the chart can dynamically monitor various sizes of shifts. Sparks (2000) [9]
proposed an adaptive CUSUM chart by an one-step-ahead formula to dynamically forecast the parameters values of the
CUSUM chart. Shu and Jiang (2006) [10] calculated the chart ARLs of Sparks (2000) by Markov-chain. With that Shu et al.
(2008) [11] proposed another adaptive CUSUM chart by improving the dynamically forecasting tool that Sparks (2000) used.
Other adaptive charts are discussed by Wu et al. (2009) [12], Li and Wang (2010) [13], Capizzi and Masarotto (2012) [14],
among others.

However, these control charts mentioned above often assume that sample observations follow a known parametric
distribution, most commonly follow normal distribution. But in most practical processes, the distribution form of sample
observations is unknown or not normal. Through the literature we known some nonparametric CUSUM control charts can
monitor processes with unknown sample distribution form. For example, Bakir and Reynolds (1979) [15] proposed a
nonparametric CUSUM chart based on the Wilcoxon signed-ranks statistic. McDonald (1990) [16] proposed another
nonparametric CUSUM chart based on sequential ranks of observations. Qiu and Hawkins (2001) [17] discussed a
multivariate nonparametric CUSUM chart based on the sequential ranks method that McDonald used. More recently, based
on ranks, Liu et al. (2014) [18] proposed an adaptive nonparametric CUSUM (ANC) chart for detecting variables which shift
size and distribution form are both unknown.

Variable sampling interval (VSI) control charts can intelligently change sampling intervals according to sampling results, so
as to improve the efficiency of process monitoring. There are also some examples of CUSUM control charts with VSI
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technology. Luo et al. (2009) [19] proposed an adaptive CUSUM chart with VSI technology. Li and Qiu (2014) [20] take a
brief overview about a p-value CUSUM control charts with VSI features. Other charts with VSI features can be found in
Reynolds et al. (1988) [21], Prabhu et al. (1993) [22], Zhou et al. (2012) [23], Liu et al. (2015) [24], among others. In
general, a chart with VSI feature detects process shifts faster than fixed sampling interval (FSI) charts. However, the VSI
technology is rarely used in nonparametric control charts. Control chart with VSI technology is a challenge when the size of
shifts and the underlying distribution form are both unknown. To increase the detecting efficiency of shifts from
conventional CUSUM control charts, we will discuss an adaptive nonparametric procedure with a VSI technology based on
the conventional two-side CUSUM control chart.

The remainder of this article is organized as follows. In Section 2, we provide a brief introduction to some basic methods and
the VSI-ANC chart. In Section 3, we discuss some properties of the VSI-ANC chart and give a performance comparison. An
example to demonstrate well implementation with a real dataset of a chemical process is presented in Section 4. In the last
Section, we provide several concluding remarks.

Il.  METHODS FOR VSI-ANC CHART
In this section, we provide a brief introduction to some basic methods and the VSI-ANC chart.
2.1  Conventional Two-sided CUSUM Statistic
The CUSUM control chart, which is derived by Page (1954) [7], is based on the sequential probability ratio test, and it is

efficient in detecting small and moderate shifts. Suppose that X, is the observation of the t"

sample. Let the the probability
: X, f(X,;0) 0 — _
density function of be denoted by , Where Y denotes the interesting process parameter. To detect a change in

0 , let O and 91 represent the in-control(IC) and out-of-control(OC) parameters, respectively. The CUSUM chart is defined
as follows:

C, =max(0,C,, +Z,),

1
. . . Co=u u . X, . Z,.
in which the initial value is , Where ©* is the mean value of observation , typically set as 0, and tis the log-
likelihood ratio statistic.
f(X.; 6
Zt — |ng( t. 1)
(X)) )

When the process observation * " tis assumed to be independent identically distributed (i.i.d.) random samples and follows a
normal distribution which mean and variance are 0 and O respectively, the two-side CUSUM statistic is:

S; =max(0,S;, + X, -k)
S; =min(0,S,, + X, -K) ,
S, = max(S;,| S )

@)
N S;=S,=0 . - . - .
with the initial value . According to a specified IC ARL, we select a suitable control limit h, and then give a
_0
N S;>h : : D
warning signal when . It has been demonstrated is that a conventional CUSUM statistic with is optimal to

detect a process which shift size is equal to 0
2.2 The Adaptive Method and Nonparametric Ranks-based Method

We assume that the processes are expected to detect mean shifts. The CUSUM statistic can only be optimized if we can
predetermine the exact sizes of the shift. Sparks (2000) [9] suggested an one-step-ahead formula as a forecasting tool to

estimate the shift O at each time t, which can be expressed as:
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5} =(1- //i’)é’:t—l +AX,, (4)

where0<A<1lisa smoothing parameter. The advantage of this formula is dynamically evaluating the shifts size step-by-
step, so as to make the CUSUM chart obtain the optimal performance.

X, t=1,2,3

When the specific distribution form of sample observation is unknown, the ranks-based method is good

t=1,2,3 -

for addressing these online nonparametric problems. Suppose that observations Xes are i.i.d..We rank the

. . R . X .
sample observations by size from small to large. Then, we denote ! as the sequential rank of ", which can be expressed
as follows:

t
R, =Y KX, =x}.
= ©)

It is clear that the distribution of ~ !, which varies as t increases, is always a uniform distribution. Consequently, regardless

of the distribution that X, follows, we can monitor the process by R, , Which is the substitute for X, .

Standardizing the sequential rank R, :

R =RCER (o

T NarR, Y o

ER,=(t+1)/2, , Var R, = (t+1)t-1)/12

where , it can be easily confirmed in the IC situation. So, we can use the

distribution is always uniformed standardized sequential ranks R in place of unknown distributions sample observations
Xt
2.3 Variable Sampling Interval Method

The design concept of VVSI method, which is proposed by Reynolds et al.(1988) [21], is that the sampling intervals between
current and next sample should be set to short if the samples exhibit some sign of a change and should be set to long if there

is no sign of changes. In other words, when the (t-1)" statistic St is close to but in fact not out-of the control limit, we
should sample the t" sample as soon as possible, that is, shorten the sampling interval and determine whether the production

process is normal. When the(t-1)" statistic ~t! is close to the target value, we have a reason to wait for a long period of time
to sample the next sample, that is, increase the sampling interval to avoid unnecessary waste. Therefore, we choose a warning

- I T .
limit @ to segment the control area, and the sampling interval 't is assumed to be:

d, , @<[S,|<h,

d2 ! |St-1| < o, (7)
where h is the control limit and @ is a warning limit. We select the shorter sampling interval dl when the control chart
statistics are above the warning limit and below the control limit, whereas we use the longer sampling interval dzWhen the

control chart statistics are below the warning limit.

The time to give a warning signal of the VSI charts is related to sampling intervals, which is no longer a constant number, so
we cannot simply use VSI charts compare with FSI charts by ARL. Here, we use ATS and AATS to evaluate the
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performance of the VSI control chart. ATS denotes the average run time from the process starting to giving a warning signal,
when the process is IC. AATS denotes the average run time from shifts occurring to giving a warning signal.

To obtain the possibility of comparing our VSI-ANC chart with other FSI charts, we record the average sampling interval
from the process starting to give a warning signal as:

E(Tt): P(a) <|S, < h)dl + P(l S, < a))dz’ ©)

Without loss of generality, we can choose a pair of suitable @ and h to obtain E(T‘) 1when the process is IC, the ATS of
a VSI chart can be defined as:

ATS = (IC ARL)x E(T.) = (IC ARL)x 1 = IC ARL. 9

Similarly, when the process is OC, we record the average sampling interval from shifts occurring to giving a warning signal

d E(T,)=1

as E(Tt); simultaneously, we select suitable h, @, dl, and ~2 to obtain . Then, the AATS can be defined as:

AATS = (OC ARL) < E(T,) = (0OC ARL)x 1 = OC ARL. (10)

Consequently, we do not distinguish between ATS and IC ARL as well as AATS and OC ARL in this paper. This mean that,
for all the control charts, a chart with smaller AATS is performance better than the others in the same ATS.

2.4 The VSI-ANC Chart

The VSI-ANC chart combined with adaptive, nonparametric and VSI features can efficiently detect various sizes of shifts in
different distributions. Inspired by Liu et al. (2014) [18], we set our statistics as follows:

+ + « _ O S,

St = max| 0,S;, +|R} — 7t h ? ,

. : _ « O o,

S, = min| 0, S_, + Rt_?t /7—7t ,

S, = maX(S:,\ S, \) (1)

*

whereRI is the standardized sequential rank of observationxt, which is i.i.d. but the distribution form is
o

unknown. S 10y are the upward and downward evaluated value of shifts size respectively, which can be defined as follows:
57 = max(6,,4,)
6, =min(-8,,6,) 12)
Here, we are not interested in too small shifts, so we add a threshold % >0 to improve the ability of the chart to detect

5>8,  6<=8,6

.t should be a small value when the process is IC or when a tiny shift occurs, and should increase

. . . . O. 0. .
rapidly when there are some large shifts occur, and it should be an one-step-ahead estimate of R (R is related to 5X,

S, 5

*

). Therefore, we choose the moving average of recent m R as the expression of o ,

5, = ZR:—Hl/m'
=

but not a linear relationship with

(13)
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Obtained by simulation, we also suggest setting m=2 and 9 = 0.7 g get the best performance for both small and large shifts
in IC ARL=400.

h(*) is an operating function which denotes the control limit. In the adaptive procedure, the control limit h changes with the
evaluated values of shifts under fixed IC ARL. So the statistical equation should be divided by control limit function h(*) in

both sides. Liu et al. (2014) [18] used a polynomial model of order 8 to acquire the control limit function h(*) with fixed IC
ARL, their results are presents in Table 1. When we design this chart, we can select the appropriate control limit function in
the light of the IC ARL in column 1 of Table 1.

TABLE 1
8 )
| i
h(k)=>"(-1)ak
POLYNOMIAL MODELS i=0 FOR CONVENTIONAL TWO-SIDED NONPARAMETRIC CUSUM
CHART
Coefficients of h(k)

IC-ARL as ay ag as Ty asg az @y an MSE
200 315.248943 1451.51618 2016.82195 3368 TOB6E 247804108 1216.95083 400.073791 08.2896235 17.8433751 00,0044
300 1174.61785 503068062 Q28R.00317 9650.03878 624817150 2640.56468 T47.856101 148.101804 221700620 0.0053
400 1659.02624 T029.95996 12786.5656 13087.2063 BI1R.TROOT 3432.20738 941.036988 177.995350 25.0063301 0.0055
500 3120.61219 13089.5939 23377.2065 23238.6203 14136.9620 5473.92542 1373.09793 231176036 28.5205274 0.0052
800 2798.25633 11966.0937 21906.4647 224835212 14248.6545 5803.34129 1541.36179 271.319072 33.2343174 0.0049
1000 303618784 13028.2646 23922.2336 24612.3576 15626.1061 6371.01358 1601.62849 206.413611 35.6796018 0.0057

Here, the sampling interval of X, should be as in (7), which is determined by the previous control chart statistic. If

a)S‘St_l‘Sh i S| < @

we should select the shorter sampling interval dl; ,we should use the longer sampling interval

S.,/>h
dz; If | t‘1| , awarning signal is given and the process should be stopped.

1. THE DESIGN DETAILS OF THE VSI-ANC CHART

The monitoring efficiency of a control chart with VSI technology is considerably faster than the conventional control chart
with FSI. But there are many difficulties in selecting VSI chart parameters; we discuss some properties of the VSI-ANC
chart to select parameters in this section. Some simulation results and performance comparisons are also given in this section.

d, . .d,

3.1  Selecting the Sampling Intervals “1and

d d

Using the VSI-ANC chart to monitor processes, we need to select a set of sampling intervals ~“1and ~2. There is no doubt

that a smaller d, spends less time for the VSI-ANC chart on detecting various shifts when the sampling interval d is fixed.

d d

Stoumbos et al. (2000) [25] investigated VSI-CUSUM charts with various sampling =1 and ~2;their results show that a

chart with small values of d, is more efficient for large shifts in 0 and large values of d, makes it more efficient for small

d

shifts in O . From the above, we can find that the length of short sample interval =1 should be as short as possible, and the

long sample interval d2 should depends on both 0 and dl. Thus, we choose d =01 and9:=16 19 2225 28, 3, 4,5,
15, 25, 30 to monitor, and the performances of our chart with diverse sampling intervals are presebted in Table 2. We set

T= 50, ATS=400, and assume that the IC underlying distribution is the standard normal N(0,1) while OC shift range is
(0.25~4), and those simulation results are estimated by 50,000 times.
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TABLE 2

d d

THE AATS VALUES OF THE VSI-ANC CHART ACCORDING TO VARIOUS
WHEN? =50 ATS=400 anp 91 =01,

N(0,1) versus N(8,1) dy =0.1
T 8§ dy—16 dy3—190 dy3—22 dy—25 dy—28 dy—3 dy—4 dy—=5 dy—15 dy—25 dy—30
0.25 293.6322 293.2343 2004238 292.4231 2923064 290.4786 287.1712 287.2184 2829491 2750755 270.2508
0.50 1163234 117.7490 1165712  116.4151 1153929 1155673 1149832 114.4641 110.8350 106.4886 1064818
075 23.77849 2339469 2253957 22.85839 2232731 2252022 2237632 22.20203 2051002 20.53424 19.57384
1.00  6.401600 2.925397 5733919 5593566 5.525046 5231744 5134259 5.008971 4.674330 4.592139 4.509405

1

1

1

1

1 AND -2 UNDER N(0,1)

1.50 3.101549 2918578 2.801075 2.588115 2470241 2446488 2365092 2315996 2.157717 2.077112 1.964916
50 200 2379214 2274195 2.191544 1.904352 1776809 1.777059 1.740821 1.687505 1.600883 1.529495 1.438835
250 2.093262 2.019125 1.947492 1.579566 1.403244 1.501915 1.451562 1.443748 1.359325 1.357713 1.246328
3.00 1.978547 1.912710 1.861233 1.427282 1.362116 1.367835 1.342660 1.345849 1.319013 1.285946 1.231648
4.00 1921884 1.877005 1.796287 1311658 1.280831 1.302431 1.291591 1.277203 1.310330 1.293316 1.144665

RMI 4.0103551 3.5988073 3.1841671 1.7963588 1.4481442 1.4049694 1.2208945 1.1211732 0.6893424 0.4687583 0.0000000
IRMI - 1.4384927 1.3151673 4.6260277 1.1607153 0.215872 0.184075 0.0997213 0.0431831 0.0220547 0.0937517

. X - .
Note that because of the independent observation “ "' is nonparametric in our chart, we should use the standardized

sequential rank R to address this case. R is distributed as a uniform random variable, and it can be confirmed that for any

time t the scope of R can be expressed as follows:
F3(ED/E+1), J3E-D/ED) "
R U(-V3, V3)

Therefore, when t — 0 the asymptotic distribution of

. In other words, regardless of how large the
d2 is
d, =01

shifts size of X, is, the largest shift size of R is equal to ‘/§ at most. It is a relatively small shift, and thus, a larger

d

better. This conclusion can also be drawn from Table 2: the AATS always decreases with the increase of ~2when

However, note that when the value ofd2 is too large, it may cause the value of statistics beyond the control limit without

providing an OC signal, because the waiting time for the next sample is too long. Simultaneously, when the value of d2 is

too large, to obtain E(T‘)_ 1, the value of the warning limit @ will decrease continuously, and it decreased t00.02 when

d, = 30. An infinitesimally small value of @ will result in the statistics falling in the area between @ and h before the

d

shifts occur, which requires the chart to use the shorter sampling interval

d,

1 and makes the number of sampling times
excessive. In conclusion, we should choose a moderate value of
The simulation results of the chart with various sampling intervals dl and d2 are close. To comprehensively evaluate the

performances of our chart with diverse sampling intervals, we introduce an evaluation criterion known as relative mean index
(RMI), which is defined by Han and Tsung (2006) [26] as:

N AATS . - AATS Mn
RMI = %Z A(Z\T min d !
= & (15)
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where N is the total number of shifts monitored, TS5' is the AATS of the given chart when sample shift is 5',

AATS "
and % is the minimum value among all AATS values when sample shift is
means that the chart performance better overall.

5' . A chart with a smaller RMI value

d

From Table 2, the monitoring efficiency of the VSI-ANC chart increases very slowly with the increase of “2when

d2 = 2'5. To make the results more visual, we define the increment of RMI (IRMI) as follows:

RMI{t -1}- RMI{t}
d{t}-d{t-1}

IRMI {t} =
(16)

We can see from Table 2 that the maximum IRMI appears when d2 =22~ 2'5, and the IRMI are becoming smaller when
d2 > 2'5. Thus, considering the IRMI and the number of sampling times, were commend selecting dl =01 and
d2 =25 for the VSI-ANC chart when the size of shifts is not clear.

3.2 Selecting the "Warning Limit" @

We record the average sampling interval from the process starting to giving a warning signal as (8), and we confirmed that

E(T,)=1 d,

~ ™. According to (8), we know that the warning limit @ actually depends on 1,

d,

ATS is equivalent to IC ARL when
d2 and E(Tt). Some values of the control limit h (h is decided by zero-state ATS) and warning limit @ with various

d2 are presented in Table 3. These simulation values are obtained in the IC process where underlying distribution is assumed
to be N(0,1). Note that the VSI-ANC chart is distribution-free. From Chakraborti et al. (2001) [27] we known that
distribution-free charts with other underlying distributions have the same results.

TABLE 3
THE VALUES OF H AND @ ACCORDING TO VARIOUS._dl ,_dz AND ZERO-STATE ATS UNDER N(0,1).
ATS 200 300 400 500 800 1000
h 1.228 1.251 1.266 1.278 1.299 1.308
dy 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
da 1.9 25 1.9 25 1.9 25 1.9 25 1.9 25 1.9 25
w | 0.275 10217 | 0.265 | 0.205 | 0.255 | 0.196 | 0.245 | 0.188 | 0.234 | 0.177 | 0.226 | 0.170

3.3

The steps for designing a VSI-ANC chart

To design the VSI-ANC chart, we can follow these steps.

1) Specify the value of ATS (or IC ARL) according to the actual requirements.

2) Select an appropriate control limit function h(k) in accordance with the ATS in column 1 of Table 1.

A

3) Calculate 2 and 2 . Set

observation, let RO

*

:RZ:O

5=R;+Ry,)2 5,207

as the evaluated size of shifts; meanwhile, for the initial

4) Find the control limit h in accordance with the selected ATS. Some reference values are available in Table 3.

5) Select the sampling intervals values of
d,=25

always set

d,=0.1

and

d

dl and

2. In the situation that scant knowledge about the size of mean shifts, we
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d d

6) Find the warning limit ¢ in accordance with ~1 and “2and control limit h. Table 3 also provides some reference values.

. S.|>h
7) For the subsequent observations, calculate St. If | ‘|

w<[s|<h

, & warning signal is given and the process should be stopped.

d

If , monitoring the (t+1)™ observation with the smaller interval

d,

1 sequentially; otherwise, monitoring the
(t+1)™ observation with the larger interval
3.4  Performance comparisons

We compare the performance of the VSI-ANC chart with the ANC chart in this subsection. The ANC chart is performance
better than other nonparametric charts, see Liu et al. (2014) [18] for details. Let ATS(VSI -ANC) = IC ARL(ANC) = 400, the

ANC chart is equivalent to the VSI-ANC chart with % =92 =1 set the change point 7 as 50, 100 and 300, where the

2
change point 7 represents the shifts occur point. We choose N(0,1), t(4), 4 (4) and F(B’l) for representative
illustrations, in which are two symmetrical distributions and two asymmetrical distributions. To investigate the overall
performance of the two chart across a series of shifts, we also compute their RMI values of AATS.

The performances of the two charts with different distributions and different shifts are shown in Table 4. Up to time 7 the

2
underlying distributions are assumed to be the N(0,1), t(4), 4 (4) and F(3,1) distributions, and after time 7 are
N@Sy.1) t@)+dxo 2’ (4)+6x0 4 T(31)+5x0

distribution.

. Where O s the respective standard deviation of each

As shown in table 4, both the ANC chart and the VSI-ANC chart become more sensitive to change as 7 increases.

Moreover, at the same 7, the value of AATS decreases as 5>< increases. This table also shows that the RMI of the VSI-
ANC chart is almost equal to zero, which indicates that the VSI-ANC chart performs better than the ANC chart regardless of
whether the shift is small or large and regardless of distributions.

TABLE 4
THE AATS VALUES OF THE VSI-ANC AND ANC CHARTS UNDER VARIOUS DISTRIBUTIONS.

N(0,1) t(4) x2(4) r(4,1)

T S x VSI-ANC ANC VSI-ANC ANC VSI-ANC ANC VSI-ANC ANC

0.25 290.19 300.09 262.64 273.98 337.06 330.18 273.85 273.61

0.50 116.20 13247 72.657 89.260 128.35 135.96 136.61 14545

075 23.317 36.463 9.9956 20.490 22.577 30.859 27.418 39.305

1.00 5.4755 13.733 3.7699 10.396 4.8774 12.999 5.3228 13.689

50 1.50 2.5999 7.2663 2.2641 6.3446 2.3939 7.1647 2.4668 7.2928
2.00 1.8863 5.3938 1.7824 5.0433 1.9348 5.4855 1.9326 5.5074

2.50 1.5833 4.5938 1.5455 45183 1.6959 47316 1.6676 4.7095

3.00 1.4179 4.2453 1.4087 4.2644 1.5207 4.3689 1.4912 4.3299

RMI 0.0000 1.2245 0.0000 1.3327 0.0026 1.1978 0.0001 1.2005

0.25 233.58 247.02 190.56 207.05 275.92 271.06 269.64 269.35

0.50 48.273 65.449 23.057 38.448 46.716 60.254 51.926 66.016

0.75 8.6308 19.166 5.3748 13752 6.7332 16.803 7.9281 18.406

1.00 4.4806 11.351 3.4036 9.1109 3.6426 10.472 3.9294 10.965

100 1.50 2.4858 6.7139 2.1568 5.8946 2.2868 6.5898 24722 7.2875
2.00 1.8561 5.0895 1.7010 47610 1.8711 5.1282 1.8728 5.1564

2.50 1.5349 4.3271 1.4902 4.2625 1.6464 44636 1.6222 4.4434

3.00 1.3697 3.9663 1.3589 4.0074 1.46359 4.1481 1.4352 4.1128

RMI 0.0000 1.2906 0.0000 1.4164 0.0022 13529 0.0001 1.3362

0.25 135.30 154.39 94.228 116.03 157.45 161.66 165.48 172.69

0.50 19.093 34.099 11.417 23.984 14.567 28.441 17.409 31.593

0.75 7.0957 16.097 4.9238 12.418 54115 14.028 5.9903 14.980

1.00 4.2452 10.479 3.2434 8.4969 34391 9.6388 3.6682 10.029

300 1.50 2.4253 6.3982 2.0949 5.6250 2.2462 62710 2.2526 6.3591
2.00 1.7932 4.8828 1.6469 4.5799 1.8347 49299 1.8158 49438

2.50 1.5054 4.1777 1.4215 4.0872 1.5901 43110 l.SSlf' 42952

3.00 1.3585 3.8196 1.3432 3.8196 1.3866 3.9936 1.3952 3.9583

RMI 0.0000 1.3265 0.0000 1.4574 0.0000 1.4305 0.0000 1.3989
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V. CHEMICAL DATA EXAMPLE

In this section, the use of our proposed VSI-ANC chart can be demonstrated by applying it to a chemical dataset. There are
149 readings of the triglyceride concentrations in this dataset. The triglyceride concentrations of a chemical products should
be set in a certain range. More detailed introduction can be found in Chapter 3 of Hawkins and Olwell (1998) [28].
According to Hawkins and Olwell (1998) [28], the 149 observations are mutually independent and stabilized, and the shift
sizes is unknown. Li et al. (2014) [18] also used this chemical dataset in their article and demonstrated it is significantly
different from a normal distribution. Similarly, we use the R function shapiro.test to inspect the first 75 observations, which
provides the statistics W = 0.96548 and p-value = 0.03852. The inspection result shows that the dataset distribution is clearly
different from a normal distribution; it can be identified as nonparametric. Therefore, our VSI-ANC chart can address these
issues with ease.

o -
o -
- 4
"
=
E ™ -
i
w
.
h=1.266
SR w=0.198 _
o
T T T T
80 100 120 140

Sample

FIG. 1 THE STATISTICS OF THE VSI-ANC CHART ALONG WITH THE WARNING LIMIT AND CONTROL LIMIT
FOR MONITORING THE TRIGLYCERIDE CHEMICAL PROCESS.

TABLES
THE VSI-ANC AND ANC CHART APPLIED TO THE TRIGLYCERIDE DATASET.
t X, Ry 5 AATEVSI-ANG  qargaNe | ¢ X, AATSVEI-ANG g qTEANC
Te 133 L7094 03226 ] ] 113 118 157 i1
77 114 (1735 25 I 14 118 158 38
78117 01477 5 2 15 12 159 L]
7% 113 4619 51 3 &6 118 16 a0
B0 115 (L6152 52 4 17 1M 161 4
B 117 53 5 18 119 162 4
82 118 54 fi 19 128 163 43
83 124 55 7 120 123 164 a4
B4 115 56 8 121 125 165 45
85 124 57 B 122 119 166 45
B 114 B2 10 123 127 167 &
117 83 11 14 124 168 48
88 114 84 12 125 1 N N
1N B3 13 128 125 N N
o0 114 L 14 i 17 N N
o1 115 87 15 128 123 N N
92 120 B8 1] 128 12s N N
93 113 89 17 130 125 15056 29233 N N
9 1le o 18 131 124 14015 51554 N N
95 117 a1 19 132 128 15746 34510 N N
G96 118 92 20 133 123 12502 N N
LT b a3 2 134 1315 14736 * *
9% 112 94 22 135 118 09110 * *
9 117 95 k] 136 115 1dede * *
100 120 L] 24 137 120 04299 * *
101 118 a7 25 138 118 16603 * *
10z 120 L] 26 139 133 1702 * *
103 116 a9 il 140 111 07794 * *
0d 117 124 28 141 13& 17198 * *
105 118 125 29 142 120 03659 * *
106 119 il 126 30 143 129 16352 * *
w15 -113312 02154 131 3 144 117 08375 48004 N N
s 15 -L12;m 02 152 32 145 129 lelMe 51023 N N
e 17 04 02 133 33 14e 123 L1152 52387 N N
1o 113 -Lebel 0 154 34 147 128 156871 535153 N N
i 12 -LeSdl O 135 35 148 128 14305 57e38 N N
112 120 08805 03 1ie 3 149 123 10605 58802 N N
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We use the VSI-ANC chart and ANC chart for comparing analysis and monitor the 76th to 149th observations as same as Li

St = (R: +R:_l)/2 6,=0.7 d, =01 d,= 2_5.

et al. (2014) [18]. We set the zero-state ATS as 400, and

Consequently, the control limit h=1.266, and the warning limit @ = 0.196, Meanwhile, we set the FSI of the ANC chart as

d =1 Table 5 presents the statistics values of the ANC chart and the VSI-ANC chart from the 76th observation on and
calculates their AATS. Fig. 1 shows the results of our chart along with its warning limit and control limit. From Fig. 1 and
Table 5, we can see that the two charts will present a warning signal after reading the 124th observation. The ANC chart
requires 48 units of time to provide the warning signal, and the VSI-ANC chart requires only 16.8 units of time.

V. CONCLUSION

In this paper, we propose a CUSUM chart with VSI technology, which is based on the adaptive and nonparametric methods.
This chart is distribution free, performs well for both small and large shifts and is not too computationally demanding.
Moreover, our chart detects the process shift faster than other charts in standard with ATS; the supporting example is the
triglyceride chemical process.
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